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Introduction

1. E1: Physical Pendulum

Goals

� Understand the simple harmonic motion of
a physical pendulum.

� Re-interprete the g value using the results
of the E1 of A6.

Fig. 1: The pendulum of A6 is not an ideal one.
Its rod has a finite mass and the bob has a finite
volume. In addition, the actual amplitude is not in-
finitesimally small.

Theoretical Backgrounds

(a) In reality, the rod of a pendulum is massive
and the bob is not pointlike. The combina-
tion of the rod and bob forms a rigid body.

(b) We can express the equation of motion for
a physical pendulum with the torque on the
rigid body:

Iθ̈ = −Mgh sin θ,

where M and I the mass and the moment
of inertia of the rigid body about the pivot.
Here, h is the perpendicular distance from
the pivot to the CM of the rigid body. θ is
the polar angle of the rod measured from
the vertical line counterclockwise. This is
still the second-order nonlinear differential
equation

θ̈ + ω2
0 sin θ = 0.

where θ̈ =
d2θ

dt2
and the constant ω0 is

ω0 =

√
Mgh

I
.

(c) If the angle θ is restricted to a small range
θ ≪ π

2 , then the equation of motion becomes
identical to that for a simple harmonic os-
cillator:

θ̈ + ω2
0θ = 0.

Thus the period is determined as

T =
2π

ω0
= 2π

√
I

Mgh
.

2. E2: Parallel-Axis Theorem

Goals

� Understand the parallel-axis theorem.

� Verify the parallel-axis theorem experimen-
tally.

Fig. 2: A uniform disc of mass M and radius R has
the moment of inertia ICM = 1

2MR2 about the sym-
metry axis. About a parallel axis with the distance
h from the symmetry axis, the resultant moment of
inertia is I = ICM +Mh2.

Theoretical Backgrounds
Suppose that you know the moment of iner-
tia ICM of a rigid body about an axis passing
through the CM.

(a) A uniform disc of mass m and radius R has
the moment of inertia ICM = 1

2MR2 about
the symmetry axis.

(b) An LP can be approximated as a uniform
disc with some uncertainties.
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(c) The Huygens–Steiner parallel-axis theorem
states that the moment of inertia about a
parallel axis with the distance h from the
symmetry axis is

I = ICM +Mh2.

3. E3: L-Shaped Pendulum

Goals

� Compute the CM of a composite rigid body.

� Estimate the moment of inertia I of a com-
posite rigid body.

� Estimate the torque on a rigid body under
uniform gravitational field.

Fig. 3: An L-shaped physical pendulum consisting of
two massive uniform rods to each of which a massive
bob is attached. The lengths of the two rods differ.

Theoretical Backgrounds
We consider a composite system of particles that
behaves as a physical pendulum. Two uniform
massive rods are linked making the right angle
to a bearing that rotates freely about a pivot.
The ith rod is of mass mi and of length ℓi. The
two rods are of the same dimensions except for
the length. At the other end of the ith rod, a
massive bob of mass m is fixed. We neglect the
friction and the mass of the bearing for simplic-
ity.

(a) This system consists of four rigid bodies:

� m1 whose CM is at −→x CM
1 = 1

2ℓ1ê1.

� m2 whose CM is at −→x CM
2 = 1

2ℓ2ê2.

� m3 = m whose CM is at −→x CM
3 = ℓ1ê1.

� m4 = m whose CM is at −→x CM
4 = ℓ2ê2.

(b) The CM
−→
XCM of this composite system is

−→
XCM =

1

M

4∑
i=1

mi
−→x CM

i ,

where M is the total mass of the system:

M =
4∑

i=1

mi.

(c) The moment of inertia of each part is given
by

� I1 =
1
3m1ℓ

2
1.

� I2 =
1
3m2ℓ

2
2.

� I3 = mℓ21.

� I4 = mℓ22.

(d) The torque exerted by the uniform gravita-
tional field −→g on this composite system is
given by

−→τ =
−→
XCM ×

(
4∑

i=1

mi

)
−→g .
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Experimental Procedure

1. E1

(a) Load the E1 data of the experiment A6.

(b) Measure the mass and radius of the bob.

(c) Compare the gravitational acceleration for
A6 and A7.

2. E2

(a) Measure the perpendicular distance r be-
tween the center of the LP and the axis of
rotation.

(b) Spin the LP.

(c) Record a video of the the LP.

(d) Make a tracking the mark on the LP.

(e) Draw the x(t) graph and make a sine fit.

(f) Fill the fit result in the Excel file.

(g) Repeat the steps (a)–(f) with another axis
of rotation.

3. E3

(a) Measure the lengths of rods of the L-shaped
pendulum.

(b) Make the pendulum oscillate.

(c) Record a video of the composite pendulum.

(d) Make a tracking of the composite pendulum.

(e) Draw the x(t) graph and make a sine fit.

(f) Fill the ω of the fit result in the Excel file.

(g) Compare the angular frequency of the
pendulum with the theoretically predicted
value.
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Appendix: Gyroscope

Goals

� Understand the rotational version of the New-
ton’s second law.

� Understand the precession of a gyroscope.

Fig. 4: The spinning top of mass M consisting of an
LP and an axle along ê1 with the angular velocity ω
about the axle. Because of nonvanishing torque along
ê2 due to the gravitational field, the top experiences
the precession: The axle rotates about ê3.

Theoretical Backgrounds

(a) A gyroscope is a spinning top whose axle can ro-
tate about two other axes that are not parallel
among one another.

(b) As a part of the given gyroscope in the figure the
spinning top consists of an LP that rotates about
its symmetry axis. This axle can rotate free
about the horizontal axis perpendicular to the
axle. In addition, another free rotation about
the vertical axis is also allowed.

(c) The angular momentum at the instance shown
in Fig. 1 is

−→
L = Lê1 with L = Iω,

where I is the moment of inertia of this spinning
top.

(d) The uniform gravitational field exerts the grav-
itational force

M−→g = −Mgê3

at the CM
−→r = rê1

of this rigid body.

(e) The resultant torque is

−→τ = −→r ×M−→g
= rê1 × (−Mgê3)

= Mgrê2.

(f) The rotational version of the Newton’s second
law states that

−→τ =
d

dt

−→
L .

Therefore, the first-order time derivative of the
angular momentum is the torque:

d

dt

−→
L = −→τ

= Mgrê2.

For a given I and ω, this gives the constraint:

dê1
dt

=
Mgr

Iω
ê2. (1)

In a similar manner, if the spinning top’s axle
were along the y axis, we could obtain the con-
straint:

dê2
dt

= −Mgr

Iω
ê1. (2)

(g) The simultaneous differential equations (1) and
(2) reduces into the following harmonic oscilla-
tion:

¨̂er +Ω2êr = 0, (3)

where r̂ is the unit vector along the axle of the
spinning top and the angular frequency Ω is de-
fined by

Ω =
Mgr

Iω
.

(h) Generalizing the above results, we find that

˙̂er = Ωêr, Ω =
τ

Iω
, (4)

where τ is the torque on the spinning top. This
phenomenon is called the precession.

(i) If the torque τ is vanishing, then the spinning
top does not experience the precession.

(j) τ is positive if the magnitude of the torque due
to the main body is greater than that of the tail,
the other side of the spinning top.

(k) τ is negative if the magnitude of the torque due
to the main body is smaller than that of the tail,
the other side of the spinning top.
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(l) The direction of the precession is counterclock-
wise if the gyroscope is seen from z → +∞:

� ω is counterclockwise and τ is positive.

� ω is clockwise and τ is negative.

(m) The direction of the precession is clockwise if the
gyroscope is seen from z → +∞:

� ω is counterclockwise and τ is negative.

� ω is clockwise and τ is positive.
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