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Introduction

1. E1: Conservation of Mechanical Energy

Goals

� Understand the conservation of energy.

� Estimate the energy loss under the motion
with nonconservative forces.

Fig. 1: A cart rolls down a ramp with the initial ve-
locity vi and reaches the final velocity vf after moving
the displacement x.

Theoretical Backgrounds

(a) Total Mechanical Energy: E = K + U.

� Pure conservative force:

∆Emech = ∆K + ∆U = 0.

� In the presence of nonconservative

forces such as damping
−→
F d = −b−→v ,

the total mechanical energy decreases
∆Emech < 0 and the corresponding
loss is transferred to a thermal energy
∆Etherm:

∆Emech = ∆K + ∆U = −∆Etherm.

Because the damping coefficient b is
positive, the work done by Fd is neg-
ative:

∆Emech ≈
∫
Fddx = −b

∫
vdx < 0.

(b) ∆Etherm of the system shown in Fig. 1 is

∆Etherm = −∆Emech =
1

2
m(v2i−v2f )+mgx sin θ.

We still have the conservation of energy
∆E = 0 if we define E = Emech + Etherm.

(c) Damping force

� If we include the damping force, then
the net force of the cart in Fig. 1 is to
be modified as

Fnet = mẍ = mg sin θ − bv.

� The resultant equation of motion is a
first-order linear differential equation
for v = ẋ = dx

dt :

dv

dt
+

b

m
v = g sin θ.

The solution is given by

v(t) = v0e
− b

m
t +

mg sin θ

b

(
1− e−

b
m
t
)
,

where v0 = v(0) is the initial velocity.

� The exponential factor vanishes as t →
∞ and the terminal velocity is

lim
t→∞

v(t) =
mg sin θ

b
.

2. E2: Damped Harmonic Oscillation

Goals

� Understand the modifications of the ampli-
tude and frequency under damping.

� Interpret the energy loss by making use of
the damping force.

Theoretical Backgrounds

(a) Simple Harmonic Oscillator
The equation of motion for the simple har-
monic oscillator is

ẍ+ ω2
0x = 0,

where x is the displacement of the oscillator
from the equilibrium point and ω0 =

√
k/m

is the characteristic frequency of the oscilla-
tor.
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� The solution is

x(t) = x0 cosω0t+
v0
ω0

sinω0t. (1)

It is equivalent to

x(t) = xm cos(ω0t+ φ), (2a)

v(t) = −ω0xm sin(ω0t+ φ), (2b)

where xm is the amplitude and φ is the
initial phase.

� The kinetic energy K and the potential
energy U at time t are

K(t) =
1

2
kx2m sin2(ωt+ φ),

U(t) =
1

2
kx2m cos2(ωt+ φ).

� The total mechanical energy E(t) =
K(t) + U(t) is conserved:

E =
1

2
kx2m.

Fig. 2: A cart is constrained to two springs at both
ends and oscillates on an inclined ramp. The cart ex-
periences the restoring force −kx at the displacement
x measured from the equilibrium point.

Fig. 3: The displacement x(t) of the cart shown in
Fig. 2. The amplitude of the oscillation decreases as
time goes by. We make an approximation to describe
this motion as a damped harmonic oscillation.

(b) Damped Harmonic Oscillator
The equation of motion for the damped har-
monic oscillator is

mẍ+ bẋ+ kx = 0.

This is equivalent to

ẍ+ 2βẋ+ ω2
0x = 0,

where x is the displacement of the oscilla-
tor from the equilibrium point, for the sim-
ple harmonic oscillator, ω0 =

√
k/m, and

β = b/(2m). We restrict ourselves to the
underdamped case in which ω0 > β.

� The solution is

x(t) = xme
− b

2m
t cos(ω′t+ φ),

where

ω′ =
√
ω2
0 − β2.

� The frequency ω′ is less than ω0 for the
simple harmonic oscillator.

� The amplitude of oscillation decreases
as t increases.

� As t→∞, x(t)→ 0.
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Experimental Procedure

1. Setup

(a) Connect a smart cart.

(b) Turn off the gyro, acceleration, and force
sensor of the smart cart.

(c) Set the sampling rate of position sensor by
100 Hz.

2. E1

(a) Measure the angle of a ramp and the mass
of the cart.

(b) Set Fast Monitor Mode and click Monitor
to collect the data.

(c) Release the cart on the ramp.

(d) Draw the vx(t) graph as a function of time
t and make an inverse exponential fit to the
data for the the cart in motion.

(e) Fill the fitting result in the Excel file.

(f) Compute the total mechanical energy.

(g) Draw the E(t) graph as a function of time
t.

(h) Repeat the steps (a)–(g) after replacing the
mass of the cart or the angle of the ramp
with another value.

3. E2

(a) Attach the cart to the spring on the ramp.

(b) Measure the angle of the ramp and the mass
of the cart.

(c) Set Fast Monitor Mode and click Monitor
to collect the data.

(d) Release the cart to have it oscillate.

(e) Draw the x(t) and v(t) graph as a function
of time t.

(f) Select the oscillating motion and make
damped sine fits to the x(t) and v(t) data.

(g) Fill the fitting results in the Excel file and
compute the spring constant k.

(h) Compute the total mechanical energy.

(i) Draw the E(t) graph as a function of time
t.
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